Abstract In this paper the density matrices derived from combinatorial laplacian matrix of graphs is considered. More specifically, the paper places emphasis on the star-relevant graph, which means adding certain edges on peripheral vertices of star graph. Initially, we provide the spectrum of the density matrices corresponding to star-like graph(i.e., adding an edge on star graph) and present that the Von Neumann entropy increases under the graph operation(adding an edge on star graph) and the graph operation cannot be simulated by local operation and classical communication (LOCC). Subsequently, we illustrate the spectrum of density matrices corresponding to star-alike graph(i.e, adding one edge on star-like graph) and exhibit that the Von Neumann entropy increases under the graph operation(adding an edge on star-like graph)and the graph operation cannot be simulated by LOCC. Finally, the spectrum of density matrices corresponding to star-mlike graph(i.e., adding m nonadjacent edges on the peripheral vertices of star graph) is demonstrated and the relation between the graph operation and Von Neumann entropy, LOCC is revealed in this paper.
During the last century, different ideas have been developed to describe quantum phenomena. Hesienberg, Jordan, and Dirac brought up "matrix mechanics" in 1925, later Schrodinger proposed the " wave mechanics " from an entirely different starting point and later proved it equivalent to the former [1] . All these efforts were made to describe the physical problem using simple mathematics. And quantum state and observable are the two main ingredients necessary to describe physical phenomena. Taking advantage of these advancements, various mathematical concepts have been proposed as quantum state representation, such as state vector, density operator [2] , linear functional [3] and graph [4] . Until now, loads of fascinating results are provided based on these quantum state representations, for instance, Shor's quantum factoring algorithm [5] , quantum teleportation [6, 7] , quantum dense coding [8, 9] and quantum cryptography protocols [10, 11, 12] etc. Nevertheless, there are still many unknown properties waiting to be explored.
Graph theory, as a well-developed mathematical theory [13, 14] , is highly applicable in the diverse areas such as network system [15] and optimization [16] . Thus the integration of quantum state representation and graph theory can offer some attractive features of quantum states. Generally, there are two approaches of mapping graphs into quantum states. First way is to use the vertex and edge to represent quantum state and the interaction between quantum state, respectively. A good example here is graph-state, which have been widely applied in stabilizer states, cluster states and some multipartite entangled states [17] . The other way is based on a faithful mapping between discrete Laplacians and quantum states (while the converse is not necessary), which was firstly introduced by Braunstein et al. [18] . Later, by considering graphs with complex edge weights and loops with real positive weights, Adhikari et al. [20] provided a construction of graphs corresponding to general quantum states and establish a one-to-one mapping between graphs and quantum states.
With the latter quantum representation, several aspects of quantum state representation based on graph, including separability,Von Neumann entropy and quantum operation, has been investigated. The simple combinatorial condition(degree condition) characterizes the separability of density matrices of graphs [21, 22, 23, 24, 25] . Filippo et al. [26] analyzed the entropy quantity for various graphs, such as regular graphs, random graphs and put forward an open problem "Does the star graph has smallest entropy among all connected graphs on n vertices?" Braunstein et al. [18] proposed the quantum operation needed to implement the graph operation, such as deleting or adding an edge, deleting or adding a vertex. And the LOCC operation increases the Von Neumann entropy [31] .
In this paper, by presenting the spectrum of the density operator corresponding to star-relevant graphs, which means adding certain edges on star graphs, the faithful mapping between star-relevant graphs and quantum states is established. Also taking advantage of spectrum of the star-relevant graph, we demonstrate that the Von Neumann entropy is increased by adding an edge on star-relevant graph and the graph operation cannot be simulated by LOCC.
The rest of the paper is organized as follows: Section II introduces preliminaries knowledge about the quantum state representation with graph; Section III presents the spectrum of density operator obtained from combinatorial laplacian matrix of the star-like graph, which means adding an edge on star graph. Also the relation between the graph operation adding an edge on stargraph and Von Neumann entropy, LOCC is illustrated. Section IV presents the spectrums corresponding to two types of star-alike graph, which means adding an edge on star-like graph. Meanwhile the relation between the graph operation adding an edge on star-like graph and Von neumann entropy, LOCC is demonstrated. Furthermore, the relationship of Von Neumann entropy, LOCC between star−alike 1 and star−alike 2 graph is also investigated. Section V indicates spectrum corresponding to the star-mlike graph, which means adding m nonadjacent edges on peripheral vertices of star graph. Analogously, the relation between the graph operation adding an non-adjacent edge on the peripheral vertices of star-relevant graph and Von Neumann entropy, LOCC is also displayed. Finally, we discuss the weighted graph situation and make an conclusion.
Preliminaries
Quantum state representation is associated with the density operator, which is a matrix in finite dimensional quantum system. And graph theory has intimated the relationship with matrix at the same time, thus quantum state representation can be built from graphs. This section introduces the basic concepts of graph, density operator and the way mapping graphs into quantum states. In order to investigate the relationship between graph operation and the feature of quantum states, the concepts about Von Neumann entropy and LOCC are introduced.
Graph
Mathematically, a graph G is a pair of sets (V, E) where V is a finite nonempty set containing the vertices and E is a set of edges that connect pair of vertices. The number of edges adjacent to a vertex is called its degree.
Let G = (V, E) be a simple undirected graph with set of vertices
The adjacency matrix associated with G is denoted by A(G) and defined
is the number of edges adjacent to v, the degree matrix of G is an n × n matrix, denoted by (G) and defined by [ 
Density operator
In quantum mechanics, a quantum state is described by a density operator ρ in n dimensions Hilbert space, which associates with a quantum system. Actually, two conditions are necessary and sufficient to describe a statistical ensemble with density operator.
1. normalization tr(ρ) = 1. 2. ρ is a positive operator ρ ≥ 0 This is helpful for deriving density operator from graph.
Graph and Density operator
The density operator can also be built from graphs in theory, the explicit construction is explained as follows:
Initially, the combinatorial Laplacian matrix of a graph L(G) is the matrix
where L(G) is positive semi-definite according to the Gersgorin disc theorem [30] and then scaling the Laplacian of a graph G by the
ρ G is a density operator deduced from the fact that tr(ρ G ) = 1 and ρ G is a positive operator ρ ≥ 0. Thus, with proper construction, the faithful mapping between quantum state and graph is established.
Von Neumann entropy
Entropy is an important way to measure the uncertainty associated with a classical probability. When it comes to quantum world, Von Neumann defined the entropy of a quantum state ρ by the formula :
Here, logarithm is taken with respect to base two and the quantum state is described by density operator ρ.
If λ x are the eigenvalues of ρ then the Von Neumann's definition can be re-expressed as:
Thus, we have Von Neumann entropy to measure the uncertainty of a quantum state [2] . 
LOCC
In quantum communication, LOCC is a way to reduce the cost of quantum resources and plays an important role in many quantum information tasks since quantum resources are more valuable. It has been demonstrated that LOCC has a close relationship with majorization [28] , which is an important mathematical method in optimization fields [29] . That relationship is further clarified with Nielsen's theorem.
We take the sight of majorization first, suppose x = (x 1 , x 2 , · · · , x n ), y = (y 1 , y 2 , · · · , y n ) and use notation x ↓ to denote the components of x in decreasing order, for instance, x ↓ 1 means the largest component of x. We say x is majorized by y, written x ≺ y, if
with equality when k = n. Now we focus on Nielsen's theorem, suppose |ψ and |φ are pure entangled states shared by Alice and Bob. Define ρ ψ ≡ tr B (|ψ ψ|), ρ φ ≡ tr B (|φ φ|) to be the corresponding reduced density matrices of Alice's system, and let λ ψ and λ φ be the vectors whose entries are the eigenvalues of ρ ψ and ρ φ .
Nielsen's theorem A bipartite pure state |ψ may be transformed into another pure state |φ by LOCC if and only if λ ψ ≺ λ φ [2] .
Therefore, the criteria to transform a quantum state to another one with LOCC is often reduced to the majorization condition. Also the relation between Von Neumann entropy and the majorization condition is illustrate in [31] .
3 Star-like graph, adding an edge on star graph
In this section the specific quantum state corresponding to star-like graph, which means adding one edge on star graphs (Fig.1) , is introduced. Also the relationship of Von Neumann entropy between star graph and star-like graph (Fig.2) is investigated. According to the method in section 2.3, for star-like graphs, the adjacent and degree matrix are presented as
and
respectively. Hence the laplcian matrix of star-like graphs is given as follows:
The density operator corresponding to star-like graph as follows
2n . . .
. . . . . .
where
In order to confirm the specific quantum states, it is necessary to show the spectrum of this density operator.
Theorem 1
The spectrum of density operator corresponding to star-like graphs is { 1 2
Proof :The finding of the spectrum is equivalent to solve the equation
. . .
Clearly, the roots are { 1 2
[1] }, which implies that the spectrum of density operator corresponding to star-like graphs is { 1 2
The faithful (and exact) mapping and the specific quantum states are now connected with star-like graph. Also the preparation work for investigation the relationship between star-like graphs and quantum states is ready to deploy.
Graph operation and Von Neumann entropy, LOCC
The aforementioned result presents only the quantum states representation survey and emphasizes on the specific quantum states corresponding to starlike graphs. A systematic investigation about the relation of graph operation and feature of quantum states remains to be considered. The graph operation is a mapping that transforms one graph to another, which can be implemented by quantum operation [18] . In this section, we limit ourselves to the proof of the relation between a particular graph operation and Von Neumann entropy, LOCC.
Graph operation and Von Neumann entropy
The graph operation is an addition of edge to star graph, which transforms star graph into star-like graph, can be implemented by quantum operation [18] . When comeing to the relationship with Von Neumann entropy, then Theorem 2 The corresponding Von Neumann entropy increases under the graph operation adding an edge on star graph.
Proof :We have already known that { n 2n−2
} is the spectrum of density operator corresponding to star graphs [14, 26] and the spectrum of density operator corresponding to star-like graphs is { 1 2
the entropy corresponding to quantum states represented by star-like graphs is given as follows
Hence, the entropy difference is decreasing with each increment in n. Also, lim n→∞ [S(ρ star−like ) − S(ρ star )] = 0 and when n = 3, [S(ρ star−like ) − S(ρ star )] > 0, hence the entropy difference always remains positive, which implies that Von Neumann entropy increases under the graph operation by adding an edge on star graph.
The relationship between Von Neumann entropy and this graph operation is revealed in this section. As a byproduct, the theorem also partially answers the open problem put forward in [26] " Does the star graph has the smallest entropy among all connected graphs on n vertices?" And then, "what is the internal relationship between graph operation and quantum operation?", more specifically, we want to know the relationship between this graph operation and LOCC.
Graph operation and LOCC
A systematic investigation on the relationship between graph operation and LOCC goes beyond the scope of this section. Instead we focus on the relation of the graph operation, adding an edge on star graph and LOCC. Concretely, we try to answer the question "Whether this graph operation can be simulated by LOCC?" Theorem 3 Suppose |ψ and |φ are pure entangled states shared by Alice and Bob. Let ρ star = tr B (|ψ ψ|), ρ star−like = tr B (|φ φ|) corresponding to Alice's system, The quantum states cannot be transformed into states represented by star-like graph by the way of LOCC when n ≥ 4.
Proof :The density operator and spectrum of the density operator corresponding to star and star-like graphs are given as follows:
}. With Nielsen theorem, the issue to decide the capability of |ψ being transformed to |φ by LOCC is equivalent to determine whether λ ψ ≺ λ φ .
Thus, we have
Clearly, λ ψ ≺ λ φ if and only if 2 ≤ n ≤ 3, which implies that |ψ and |φ cannot be transformed by LOCC when n ≥ 4. For simplicity, we say the graph operation cannot simulated by LOCC when n ≥ 4 since the graph operation is the only variable that discriminate |ψ from |φ .
The relationship between graph operation and Von Neumann entropy, LOCC is revealed and a comprehensive understanding on quantum states representation with graphs is provided in this section. Thus the result leads towards a new paradigm of investigating quantum states with graph theory. A natural problem comes subsequently" What will happen to the Von Neumann entropy by continuing to add an edge on star-like graph and what is the relation between graph operation and LOCC? " In this section, we investigate the specific quantum state corresponding to the star-alike graph (Fig.3 and Fig.4) , which means adding an edge on star-like graph. In fact there are two ways for adding an edge on star-like graphs, one is adding adjacent edge on the peripheral vertices while the other is to add nonadjacent edge. Similarly, the relationship between the graph operation, i.e., adding an edge on star-like graph,and Von Neumann entropy, LOCC is illustrated. Furthermore, we also present the relationship of Von Neumann entropy and LOCC between quantum states corresponding to the addition of adjacent edge and nonadjacent edge on star-like graph.
Spectrum of density operator corresponding to star-alike graph
Similarly, according to the method in section 2.3, we have Theorem 4 The spectrum of density operator corresponding to the addition of an adjacent edge or an nonadjacent edge on the peripheral vertices of star-like graphs is { n 2n+2
Proof :To find the spectrum of density operator corresponding to the addition of an adjacent edge on the peripheral vertices of star-like graphs is equal to solve the equation: det(λI − ρ) = 0 That is
. . . = 0(9)
Clearly, the roots are { n 2n+2 . . . = 0 (10)
Clearly, the roots are { n 2n+2
Hence, the spectrum corresponding to star-alike graph is { n 2n+2
Now that the faithful (and exact) mapping and the specific quantum states connected with star-alike graph is presented, the preparation work for investigating on the relationship between star-alike graph and star-like graph is ready to deploy.
Graph operation and Von Neumann entropy, LOCC
Analogously, in this section, we investigate the relationship between the graph operation, i.e., adding an edge on star-like graph, and Von Neumann entropy, LOCC.
Graph operation and Von Neumann entropy
There are two ways of adding an edge on star-like graph, we have
Theorem 5
The corresponding Von Neumann entropy increases under the graph operation adding an edge on star-like graph.
Proof :It can be easily verified that the spectrum of density operator corresponding star-like graphs is{ 
Then, (S(ρ star−alike ) − S(ρ star−like )) < 0, therefore the entropy difference is decreasing with each increment in n. Also, lim n→∞ [S(ρ star−like ) − S(ρ star )] = 0 and when n = 4 or n = 5, [S(ρ star−alike ) − S(ρ star−like )] > 0, hence the entropy difference always remains positive, that is to say the corresponding Von Neumann entropy increases under the graph operation adding an edge on star-like graph.
Graph operation and LOCC
Theorem 6 Suppose |ψ and |φ are pure entangled states shared by Alice and Bob. Let ρ star−like = tr B (|ψ ψ|), ρ star−alike = tr B (|φ φ|) corresponding to Alice's system, The quantum states cannot be transformed to states represented by star-like graph by the way of LOCC when n ≥ 5.
Proof :The density operator and spectrun of the density operator corresponding to star and star-like graphs are given as follows:
ρ star−like = tr B (|ψ ψ|) and λ ψ = { 1 2
[1] } With Nielsen theorem, the issue to decide the capability of |ψ being transformed |φ by LOCC is equivalent to determine whether λ φ ≺ λ ψ .
Thus, we have for n ≤ k + 1
Clearly, λ φ ≺ λ ψ if and only if n = 4. Hence, |ψ and |φ can not be transformed by LOCC when n ≥ 5, for simplicity, we conclude that the graph operation cannot be simulated by LOCC. 
Clearly, there is no n satisfying λ φ ≺ λ ψ . Hence, |ψ and |φ cannot be transformed by LOCC. For simplicity, we conclude that the graph operation cannot be simulated by LOCC when n ≥ 5.
Relationship of Von Neumann entropy, LOCC between
Star − alike 1 and Star − alike 2 graph Theorem 7 Suppose |φ 1 and |φ 2 are pure entangled states shared by Alice and Bob. Let ρ star−alike1 = tr B (|φ 1 φ 1 |), ρ star−alike2 = tr B (|φ 2 φ 2 |) corresponding to Alice's system, the quantum states represented by one kind of star-alike graph can be transformed into another by the way of LOCC. Also S(ρ star−alike1 ) > S(ρ star−alike2 ).
Proof :The density operator and spectrum of the density operator corresponding to star and star-like graphs are
With Nielsen theorem, the issue to decide the capability of |φ 1 being transformed |φ 2 by LOCC is equivalent to determine whether λ φ1 ≺ λ φ2 .
Thus, we have Clearly, λ φ1 ≺ λ φ2 for each n, thus, with Lemma 1 in section 2, we have S(ρ star−alike1 ) > S(ρ star−alike2 ). That is to say |φ 1 and |φ 2 can be transformed by LOCC. For simplicity, we say that the graph operation can be simulated by LOCC when n ≥ 5 and the entropy of adding nonadjacent edge on star-like graph is larger than that of adding adjacent one.
5 Star-mlike graph, adding m edges on star graph
In this section, we investigate the specific quantum state corresponding to the star-mlike graph (Fig.5) , which means the addition of nonadjacent edges on peripheral vertices of star graph. Similarly, the relationship between the graph operation, i.e., adding m nonadjacent edges on star graph,and Von Neumann entropy, LOCC is illustrated.
Spectrum of density operator corresponding to adding m nonadjacent edges on star graph
Theorem 8 The spectrum of density operator corresponding to star-mlike graph, which means the addition of m nonadjacent edges on peripheral vertices of star graph, is { n 2n+2(m−1)
Proof : Finding of the spectrum is equivalent to solve the equation 
Graph operation and Von Neumann entropy, LOCC

Graph operation and Von Neumann entropy
Theorem 9 The corresponding Von Neumann entropy increases under the graph operation adding an nonadjacent edge on star-mlike graph.
Proof : The spectrum of density operator corresponding to the addition of m nonadjacent edges on star graphs is { n 2n+2 
, then S(ρ dif ) < 0. Hence, the entropy difference decreases with the increment in n. Also, lim n→∞ S(ρ dif ) = 0 and when n = 5 S(ρ dif ) > 0, the entropy difference always remains positive, therefore, the corresponding Von Neumann entropy increases under the graph operation by adding a nonadjacent edge on star-mlike graph. 3. The addition of a nonadjacent edge to star-like graph increases the entropy.
The addition of a nonadjacent edge to star-mlike graph also increases the entropy. Thus, the entropy always increases with the addition of a nonadjacent edge on star-relevant graph and the edges number remains m ≤ n−1 2 .
Graph operation and LOCC
Theorem 10 Suppose |ψ and |φ are pure entangled states shared by Alice and Bob. Let ρ starm = tr B (|ψ ψ|), ρ starm+1 = tr B (|φ φ|) corresponding to Alice's system, where m and m + 1 denote the number of nonadjacent edges addition on star graph. The quantum states ρ starm+1 cannot be transformed into states represented by ρ starm by the way of LOCC.
Proof :The density operator and spectrum of the density operator ρ starm and ρ starm+1 corresponding to star-relevant graphs are ρ starm = tr B (|ψ ψ|) and
With Nielsen theorem, the issue to decide the capability of |φ being transformed |ψ by LOCC is equivalent to determine whether λ φ ≺ λ ψ .
Thus, we have Clearly, there is no n to satisfy λ ψ ≺ λ φ . Therefore, |ψ and |φ cannot be transformed by LOCC. For simplicity, we conclude that the graph operation cannot be simulated by LOCC for each n.
Discussion and conclusion
Our analysis of density matrices corresponding to the star-relevant graphs enables us to investigate the quantum state with a new perspective. The relations between 1) graph operation and special quantum operation(LOCC), 2) graph operation and Von Neumann entropy, 3) the specific quantum state and the graph are appropriately investigated in this paper. Furthermore, we investigate the weighted graph defined by Adhikari et al. [20] , where certain conditions should be satisfied for quantum state representation by utilizing graphs. The necessary conditions put forward by Adhikari et al. are presented in Theorem 2.3 [20] .
Combining those conditions and star-relevant graph together, we conclude that the star-relevant graph is not qualified as quantum state representation with the provided weighted graph definition. The reason is explained as follows: suppose that the complex weight of star-relevant graph is e iw ; all star-relevant graphs contain a triangle as a subgraph. Thus, we assign the complex weights corresponding to triangle subgraph as e iw1 , e iw2 , e iw3 , separately. Considering the conditions in Theorem 2.3 [20] , the complex weight on triangle subgraph of star-relevant graph should satisfy
e iw2 e iw3 = e iw1 (13)
In other words, the weight corresponding to star-relevant graph should be real and module should be equal to 1. The relationship between graph operation and LOCC revealed in this paper is fascinating, i.e., the graph operation cannot be simulated by LOCC with the star-relevant graph. It encourages us to further investigate more universal relation between the graph operation and LOCC. Unfortunately, this relationship cannot be maintained when we continue adding edges on star-relevant graphs. Here is an example that violates the relation, 
the corresponding spectrum is {0, 0.0576, 0.0909, 0.1364, 0.1818, 0.2151, 0.3182} and adding an edge on the peripheral vertices, we get a ring union star, the corresponding density matrices is presented as follows: 
and the corresponding spectrum is {0, 0.0833, 0.0833, 0.1667, 0.1667, 0.2083, 0.2917}. It can be verified that it satisfies the majorization relation, thus the graph operation can be simulated by the way of LOCC, which means that the relationship between the graph operation and LOCC isn't universal. Although there is no general rule in the process of adding an edge from a star graph up until a star union a ring graph. We propose several conjectures through calculation to depict the situation.
Conjectures
1. The graph operation, adding edges on the peripheral vertices of star graph, cannot be simulated by LOCC when the incremental edge number m ≤ n − 3 (n is the vertex number). Continue adding edge up until a star union a ring graph, the graph operation can be simulated by LOCC.
2. In the process of adding edge from a star graph up until a star union a ring, quantum states corresponding to those graphs can be transformed by LOCC when the edges number are the same.
